A contribution to the special feature 'Perspectives in astrophysical and geophysical fluids' . is the system scale magnetic Reynolds number and D is the length scale of the system. On scales well above L X , magnetostrophic convection dynamics should not be possible. Only on scales smaller than L X should it be possible for the convective behaviours to follow the predictions for the magnetostrophic branch of convection. Because L X is significantly smaller than the system scale in most dynamo models, their large-scale flows should be quasi-geostrophic, as is confirmed in many dynamo simulations. Estimating Λ o 1 and Rm o 10 3 in Earth's core, the cross-over scale is approximately 1/1000 that of the system scale, suggesting that magnetostrophic convection dynamics exists in the core only on small scales below those that can be characterized by geomagnetic observations.
Global scale magnetostrophic balance, in which Lorentz and Coriolis forces comprise the leadingorder force balance, has long been thought to describe the natural state of planetary dynamo systems. This argument arises from consideration of the linear theory of rotating magnetoconvection. Here we test this long-held tenet by directly comparing linear predictions against dynamo modelling results. This comparison shows that dynamo modelling results are not typically in the global magnetostrophic state predicted by linear theory. Then, in order to estimate at what scale (if any) magnetostrophic balance will arise in nonlinear dynamo systems, we carry out a simple scaling analysis of the Elsasser number Λ, yielding an improved estimate of the ratio of Lorentz and Coriolis forces. From this, we deduce that there is a magnetostrophic cross-over length scale, L X ≈ (Λ 2 o /Rm o )D, where Λ o is the linear (or traditional) Elsasser number, Rm o is the system scale magnetic Reynolds number and D is the length scale of the system. On scales well above L X , magnetostrophic convection dynamics should not be possible. Only on scales smaller than L X should it be possible for the convective behaviours to follow the predictions for the magnetostrophic branch of convection. Because L X is significantly smaller than the system scale in most dynamo models, their large-scale flows should be quasi-geostrophic, as is confirmed in many dynamo simulations. Estimating Λ o 1 and Rm o 10 3 in Earth's core, the cross-over scale is approximately 1/1000 that of the system scale, suggesting that magnetostrophic convection dynamics exists in the core only on small scales below those that can be characterized by geomagnetic observations.
Introduction
Earth's global magnetic field is continually regenerated via the fluid mechanical dynamo processes that operate in the liquid metal outer core (figure 1). The observable geomagnetic field predominantly emanates outwards from the core-mantle boundary (CMB) in the Southern Hemisphere, returning in the Northern Hemisphere such that the field is dominated by its axial dipole component. However, the CMB field is strongly crenallated with localized patches of magnetic flux existing over the full range of observable length scales [2] . The field also varies temporally over a broad range of scales, from mantle convection time scales [3] down to subdecadal periods [4, 5] .
One of the fundamental issues in planetary dynamo studies concerns the dynamical force balance that controls the style of core fluid dynamics that generates dynamo action. It has long been assumed that the dynamics state is in 'magnetostrophic balance', in which Lorentz, Coriolis and pressure forces dominate the system. This assumption stems from the linear analysis of Chandrasekhar [6] , which showed that convection is greatly facilitated in the magnetostrophic regime. This has led workers to argue that the most efficient state of dynamo action must arise under magnetostrophic conditions. However, there is little evidence for leading order magnetostrophic balance in present-day dynamo simulations. To address this issue, we present scaling arguments here that suggest that magnetostrophic convection dynamics will develop only below a certain 'cross-over scale', and quasi-geostrophic dynamics will dominate at all larger scales.
The source of the fluid motions that drive the core dynamo is likely to be thermocompositional convection ( [7, 8] , cf. [9] ). It is presently unclear as to which buoyancy source, thermal or compositional, is the dominant convective driver [10, 11] . This depends on the thermal conductivity of the core fluid [12, 13] , which determines how efficiently heat is conducted across the core and how much of this heat is available over to drive thermal convection in the fluid [14] .
Irrespective of the buoyancy source, magnetic induction must be greater than magnetic diffusion in order for a dynamo to operate. The non-dimensionalized magnetic induction equation, which describes the growth or decay of magnetic fields in time, depends upon the parameter called the magnetic Reynolds number, Rm, which describes the balance between magnetic field generation and magnetic diffusion:
Here, B is magnetic induction, u is velocity measured in the body frame rotating with constant angular velocity Ω and η = 1/(μ o σ ) is the fluid's magnetic diffusivity that varies inversely to the magnetic permeability μ o and the fluid's electrical conductivity σ . The characteristic velocity scale is U. The respective scales of magnetic and velocity field structures are L B and L U , and it is assumed here that the gradient scales are well approximated by the diameters of the relevant structures (i.e. ∇u ∼ U/L U ). The standard form of the magnetic Reynolds, Rm o , is defined using only the system scale D ∼ L B ∼ L U :
where D is taken to be the radial thickness of the fluid shell in spherical dynamos and U o is the large-or system-scale estimate of the core flow velocity (e.g. figure 11 in [5] ). This systemscale magnetic Reynolds must have a value greater than O(10) for sustained global-scale dynamo action to occur [15] . Observations of Earth's magnetic field produce estimates of Rm o ∼ 10 3 for the geodynamo [16] . By characterizing the non-dimensional length of a given structure as when considering the generalized length scale magnitude . In addition to a sufficiently large Rm o value, it has long been argued that Earth-like planetary dynamo action requires a global-scale, leading-order force balance between the Lorentz force F L and the Coriolis force F C , with the pressure force F P primarily making up the difference [17, 18] . This defines so-called magnetostrophic balance in the fluid:
where J is the electric current density, ρ is fluid density and p is the pressure in the fluid. The buoyancy force must also exist to drive the convective flow u. Taking note of this here, we will not consider this term in our considerations of magnetostrophic balance. Magnetostrophic balance is typically estimated via the Elsasser number Λ, the ratio of Lorentz and Coriolis forces in the fluid:
Using the Rm 1 form of Ohm's law that neglects time variations in B, the current density scales as J ∼ σ U o B o [19, 20] . This yields the traditional definition of the Elsasser number: must be in magnetostrophic balance at all scales. This is a misinterpretation of the physical meaning of Λ o , which is meaningful only on the small length scales at which Rm 1. We contend here that global-scale magnetostrophic balance does not occur in the vast majority of planetary dynamo models. Instead, the flows in these simulations are nearly all in a quasigeostrophic balance in which Coriolis and pressure forces comprise the dominant force balance on large scales in the fluid [20] [21] [22] [23] [24] [25] [26] [27] [28] . This contention raises the following questions: under what conditions, if any, do the magnetostrophic predictions of linear theory apply to nonlinear planetary dynamo systems? Does magnetostrophic balance manifest at any length scale of planetary core convection? And if so, do our planetary dynamo models get this right?
In an attempt to address these questions, the results of the plane-layer linear theory of rotating magnetoconvection [6] are compared with the results of recent planetary dynamo models carried out in spherical shell geometries. It can be argued that these two systems, disparate in terms of geometry and Rm o values, cannot be meaningfully related (cf. [29] ). However, this intercomparison is ubiquitously made in the dynamo literature when considerations of magnetostrophic balance are put forth. We intend to define when such comparisons are justified.
To do so, the predictions of linear rotating magnetoconvection theory are presented in §2 and are then directly compared with the results of current numerical planetary dynamo experiments in §3. This makes clear that there is little evidence for global-scale magnetostrophic balance in typical planetary dynamo models. In §4, we reconsider the formulation of the Elsasser number, extending the work of [20, 23] and providing a new magnetostrophic 'cross-over scale' X Λ 2 o /Rm o . We argue that magnetostrophic balance can manifest only on flow scales below X , and that quasi-geostrophic convection dynamics will dominate on all scales greater than X . Finally, in §5, we discuss the implications and limitations of X and how it can be used to interpret planetary dynamo modelling results and observations.
A foray into linear theory
The concept that planetary dynamos evolve to a global magnetostrophic state was first posited following Chandrasekhar's linear stability analysis of plane layer rotating magnetoconvection [6, 30] . The linear theory predicts that convection develops from the stationary u = 0 (Rm = 0) state most easily in the presence of an Λ o 1 imposed magnetic field [6, 31] . Thus, the interaction of strong magnetic forces and comparably strong rotational forces allows the onset of convection to occur more easily. In contrast, convective onset would be strongly suppressed were either of these forces to act alone [32] . This has led to the idea that convection-driven dynamos will naturally function most efficiently in the magnetostrophic regime where the convection itself is most efficient (e.g. [33, 34] , cf. [35] ).
Chandrasekhar famously derived the dispersion relations for convection in a plane layer of electrically conducting fluid with vertically oriented rotation and magnetic field vectors [6] . Qualitatively similar results are found in the case of a horizontally imposed magnetic field, although linear magnetostrophic effects are predicted to arise at somewhat lower values of Λ o [36, 37] . Further, spherical analyses of linear rotating magnetoconvection produce qualitatively similar asymptotic scalings [38] , albeit with an array of additional complexities [39] .
For isothermal, mechanically stress-free, electrically insulating boundary conditions, the dispersion relation for steady convection in a fluid of vertical layer depth D is given by equation (4.59) in Chandrasekhar's treatise [6] , and the equations necessary to solve for oscillatory convection are given by equations (4.65) and (4.66). Onset solutions that are 'steady' vary in space, but are stationary and do not vary in time. In contrast, in cases of 'oscillatory' onset, the motions that first develop oscillate sinusoidally in time.
Solutions of these dispersion relations are presented here in terms of the following parameters (for detailed definitions, see [40] and E = 10 −15 stability curves, respectively. The coloured circles mark the minima of the steady marginal stability curves and, thus, demarcate the values of the critical Rayleigh number Ra crit and critical wavenumber k crit values at a given E value at which the onset of steady convection occurs. Identical coloured circles carry the same information in figures 3, 6 and 8.
describes the non-dimensional buoyancy forcing, where α is thermal expansivity, g is gravitational acceleration, T is the superadiabatic temperature difference across the fluid layer, ν is the kinematic viscosity and κ is thermal diffusivity. The Ekman number,
is the ratio of the viscous and Coriolis forces. The Prandtl number,
is the ratio of the thermal and viscous diffusion time scales, whereas the magnetic Prandtl number,
is the ratio of the magnetic and viscous diffusion times. In the linear theory, the magnetic field is not self-generated, as occurs in a dynamo. The strength of the imposed field is typically denoted in linear studies of rotating magnetoconvection by the value of Λ o [18, 33, [41] [42] [43] . Chandrasekhar [6, 30] , however, denotes the strength of the imposed magnetic field via what is now called the Chandrasekhar number, Q = Λ o /E, which estimates the ratio of the Lorentz and viscous forces (in the low Rm limit). Lastly, spatial scales are often discussed in theoretical analyses in terms of the wavenumber, k = π/ , where = L/D is taken to be half of a wavelength. Figure 2 shows Ra-k marginal stability curves for non-magnetic (Λ o = 0) rotating convection in a core-like liquid metal with Pr = 0.025 [44] . The red, blue and green curves denote solutions at E = 10 −4 , 10 −9 and 10 −15 , respectively. The solid curves mark the marginal values for steady convection, which denote the lowest Ra value at which convection will develop for a given value of k. The dashed curves demarcate the marginal Ra-k values for the oscillatory mode of convection, which only develop in fluids for which Pr < 0.67 [6, 45] . Each of these marginal stability curves has a simple 'U'-shape, with a single global minimum value of Ra as a function of k. This global minimum in each curve denotes the critical Rayleigh number, Ra crit , and the corresponding k crit value sets the critical length scale crit at which the onset of convection will occur at a given value of the Ekman number E. The small, coloured circles demarcate Ra crit -k crit for each of the three steady marginal stability curves. . These E values are plotted with the smallest values to the right, in hopes of making clear that very low E values correspond to the extremely rapidly rotating conditions that exist in planetary cores [46] . The three-coloured circles in each panel allow one to connect the results for the three E curves in figure 2 to the results shown in figure 3a,b.
The curves shown in figure 3 agree well with the E → 0 asymptotic scalings of [45] . The E → 0 onset predictions for steady rotating convection yield Using Pr = 0.025, as in figure 3 , we estimate that the onset of oscillatory convection (dashed line) will occur at a critical Rayleigh number that is approximately (17.4/8.7) Pr 4/3 ≈ 1.5% that of the critical Ra value for steady convection (solid lines) at a given E value. Further, the oscillatory onset scale in a Pr = 0.025 fluid is predicted to be larger than the steady onset scale by a factor near to Pr −1/3 ≈ 3 [47] . figure 4 within Earth-like spherical shell geometries. Quasi-geostrophic, axially aligned convection columns dominate the flow field [48, 49] . In typical present-day dynamo models, carried out at E 10 −4 , these columnar structures are large, with crit ∼ 10 −1 . At E = 10 −9 , the 'grand challenge' value proposed in [50] , rotating convection structures will develop with roughly one thousand structures circumscribing the outer core fluid volume ( ∼ 10 −3 ). Finally, at the core value of E = 10 −15 , approximately 10 5 rotating convection onset structures are predicted to circumscribe the core ( ∼ 10 −5 ). Such high wavenumber hydrodynamic structures are so small in scale that they are subpixel in figure 4c , and, thus, are not visible. Similarly, such structures are approximately four orders of magnitude below the limits of planetary magnetic field observations. Thus, individual Λ o = 0 onset-scale convection columns, should they exist in Earth's core, are then not relevant to our interpretation of geomagnetic flux patches or their temporal variations [24, 51, 52] .
When a dynamically strong magnetic field is added, drastic changes, both qualitative and quantitative, occur in the nature of the marginal stability curves. Figure 5 shows Ra-k marginal stability curves for Λ o = 1 rotating magnetoconvection cases in a core-like liquid metal with Pr = 0.025 and Pm = 10 −6 [44] . As in figure 2 , the red, blue and green curves denote solutions at E = 10 −4 , 10 −9 and 10 −15 , respectively. The solid curves mark the marginal values for steady convection, and the dashed curves demarcate the marginal Ra-k values for oscillatory convective modes [6] . For Λ o ∼ 1 rotating magnetoconvection, the marginal stability curves no longer have simple 'U'-shaped wells, like those found for the rotating convection curves in figure 2. Instead, there is a broad well on the left side of this plot centred near k 3, which corresponds to the steady magnetostrophic convection branch. At higher wavenumbers, the geostrophic convective modes dominate, such that the marginal stability curves are similar to the rotating convection curves of figure 2. Except at E = 10 −4 (where the wells are nearly overlapping), the critical Rayleigh number Ra crit is determined by the low wavenumber (e.g. k crit 3; crit 1) minimum of the steady magnetostrophic convection branch. The presence of the imposed magnetic field acts only to alter the oscillation frequencies of the oscillatory Λ o = 1 convection branch. These frequencies (which are not shown) are significantly decreased relative to the faster inertial frequencies found in Λ o = 0 rotating convection solutions [6, 45] .
In contrast to the oscillatory branch, the steady rotating magnetoconvection branch is fundamentally different from the rotating convection solutions. The solid blue line shows that the onset of the steady rotating magnetoconvection solution varies as Ra crit ∼ E −1 and has the lowest possible critical Rayleigh value for E 10 −8 . Thus, steady linear rotating magnetoconvection should develop at Ra values ∼E 1/3 lower than steady rotating convection and ∼ (E/Pr 4 ) 1/3 lower than oscillatory rotating convection. This suggests that steady rotating magnetoconvection will develop at significantly lower Ra values than can occur in rotating convection. For example, using E = 10 −15 and Pr = 0.025, the linear theory predicts Ra crit = 5.75 × 10 16 for steady rotating magnetoconvection, which is 6.6 × 10 −5 the predicted critical value for steady rotating convection and 4.5 × 10 −3 that for oscillatory rotating convection.
The length scale information given in figure 6b shows that steady rotating magnetoconvection develops at crit ∼ O (1) . Thus, the linear analysis predicts a factor of ∼E −1/3 increase in flow scale for Λ o ≈ 1 relative to Λ o = 0 rotating convection cases at the same E. This massive change in scale-effectively from the micro-scale at Λ o = 0 (figure 4c) to global scale at Λ o = 1-should be easily detected in dynamo systems in global magnetostrophic balance. We propose, following [20] , to use this fundamental change in scale between geostrophically balanced rotating convection and magnetostrophically balanced rotating magnetoconvection to infer the presence of the magnetostrophic branch of convection. Thus, we will focus on this large alteration in convective flow scale in comparing dynamo model results against linear theory in the following section. 
Comparing spherical dynamo models against planar theory
We have assembled the results from a small subset of planetary dynamo modelling studies [20, [53] [54] [55] [56] [18] . Figure 7 shows E plotted versus Λ o from the data in 4.5 (e.g. see (64d) in [18] ). The dynamo models in table 1 are all over the line, showing that linear theory predicts that these models should operate in the magnetostrophic convection regime. However, this prediction is not born out: the length scale information in figure 8b does not follow the ∼ O(1) linear magnetostrophic scaling branch.
predicted to lie in the linear magnetostrophic convection regime. Thus, the expectation, based on plane layer theory, is that the characteristic scale of flow in these dynamo models will roughly follow the magnetostrophic trend ∼ O(1) and should track approximately along the solid blue curve in figure 6b .
In figure 8 , in Figure 8a shows that the Ra values track reasonably well with the E −4/3 trend of the geostrophic branch of convection. Even though the precise Ra crit values differ from the plane layer linear theoretical predictions owing to the effects of spherical geometry [48, [59] [60] [61] , the plane layer predictions still provide an adequate qualitative proxy [20] . Figure 8b shows the typical flows scales in the table 1 dynamo cases plotted versus E. The red and black symbols show the characteristic kinetic energy weighted length scales computed as
wherek U is the kinetic energy weighted flow wavenumber and E U is the volumic kinetic energy density (cf. [20, 57] ). The black asterisks show hydrodynamic (Pm = 0) solutions from [20] , whereas the red asterisks show the corresponding dynamo solutions. The magenta plus-signs show the characteristic scales in [56] computed as the integral of the rms velocity divided by the rms vorticity of the bulk fluid,
We call U ∇ the 'gradient scale' of the flow, as it approximates the length scales at which the characteristic velocity gradients exist in a given flow field. 
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Soderlund et al. [20] (12) in [53] ). The inset panel in figure 8b shows the characteristic flow scales normalized by Ro 1/2 . With U /Ro 1/2 values in the vicinity of unity, it is plausible that the flow scales are tracking either the geostrophic onset scale U ∼ E 1/3 or the geostrophic turbulence scale U ∼ Ro 1/2 . It is difficult to disambiguate as to which hydrodynamic flow scaling is dominant over the range of E and Ro values presently accessible in planetary dynamo models [18, 51, 58, 62] . The essential point here, though, is that the flow scales are not trending along the = O (1) 
Crossing into the magnetostrophic convection regime (a) Estimating the cross-over scale
In this section, we further develop the ideas of Soderlund et al. [20, 23] in order to estimate the convective flow scales at which magnetostrophic balance should exist in high Rm o dynamo settings.
Linear theory requires that motions are just beginning to be excited, such that Rm → 0 for all scales . This differs fundamentally from the geodynamo, for instance, where Rm o ∼ 10 3 . At high Rm values, one cannot use the low Rm scaling of Ohm's law, J ∼ σ UB. Instead, Ampere's law (under the magnetohydrodynamic approximation) provides a more accurate estimate of the current density, B , so that the smaller the length scale of magnetic field variations, the greater the relative strength of the Lorentz forces.
Over the observable range of magnetic field scales, 1 0.1, it has been postulated that Earth's magnetic and kinetic energy spectra remain flat on the CMB (e.g. figure 6 in [18] ). Based on this, we will assume from here onwards that β α 0 at the large observable scales. These assumptions allow (4.2) to be simplified to
We contend that (4.3) gives a reasonable, heuristic estimate of Λ based on large-scale planetary observations. (In contrast, if one were analysing high-resolution dynamo modelling results, more accurate estimates of the scale variation in Λ would likely be found using (5.3) to better take into account the scale dependences of U and B.) In order to estimate the flow scale at which magnetostrophic convection can arise (Λ ≈ 1) using the simplified relationship (4.3), we must recast B in terms of U . This estimate is made by assuming quasi-steady induction:
such that
Note that the flow scale is taken to be L U in the two expressions above, whereas the flow scale was taken to be D in Soderlund et al. [20] . Inserting (4.5) into (4.3) yields
The quantity in square brackets in (4.6) can be interpreted as a non-dimensional length scale. This characteristic length is called the magnetostrophic cross-over scale, This limiting value is estimated as obs π/n max , where n max = 13 is the maximum resolved spherical harmonic degree in current geomagnetic field inversions [5] .
The cross-over scale provides a simple physical interpretation of Λ in nonlinear dynamo systems: Lorentz forces are expected to be dynamically subdominant (Λ < 1) on flow scales U well above the cross-over scale, whereas Lorentz forces may play a role in the dynamical balances (Λ > 1) on flow scales below X . Because it is possible to estimate X using remotely estimated values of B o and U o (B o ) [5, 64] , the value of X provides a zeroth-order estimate of the scale below which magnetostrophic convection may develop in a given dynamo system.
(b) A heuristic cross-over scale model . At the magnetostrophic cross-over scale, the value of Λ reaches unity. On scales below X , Λ exceeds unity and the dynamics should come into local magnetostrophic balance. Thus, in Rm o > O(1) dynamo systems, our simple model predicts that a magnetostrophic force balance can be established only on flow field scales U X , whereas a primarily geostrophic balance of forces will hold for U X . The magenta line in figure 9 approximates the smallest non-dimensional length scale, obs , of the observable geomagnetic field structures on the CMB. This is estimated as obs = π/n max , where n max = 13 is the highest spherical harmonic degree resolved in present-day geomagnetic field models [2, 5] . The corresponding dimensional scale is L obs ∼ 500 km [2, 18] . In contrast, the dimensional value of the cross-over scale in Earth's core is Rm o ∼ 10 3 and D 2260 km as the depth of the outer core fluid depth. Our magnetostrophic cross-over scale estimates for flow structures in the core are far smaller than the smallest observable geomagnetic field scale. This implies that the observable part of Earth's magnetic field are best described by quasi-geostrophic dynamo processes [22, 24, 26] , in agreement with recent interpretations of geomagnetic secular variation data [5, 65] .
(c) Cross-over Ekman number estimates
It may also be of interest to estimate if magnetostrophic conditions are expected to arise for a given dynamo system's input parameters. For instance, if we assume that the rotating convective onset scale is dominant, U = E 1/3 can be inserted into (4.6), giving
(4.8)
Assuming magnetostrophic conditions occur at Λ ≈ 1, solving for E yields an estimate for the cross-over Ekman number value for E 1/3 -scale flow:
If E < E X,onset , flows occurring on the E 1/3 -scale will be affected by Lorentz forces. In contrast, if E > E X,onset , the onset scales are likely to be too large to feel significant magnetic effects. When the turbulent hydrodynamic scale, U = Ro 1/2 = (Rm o E/Pm) 1/2 , is substituted into (4.6), the cross-over Ekman number then scales as
For example, in a dynamo simulation with Λ o = 1, Pm = 1, Rm o = 100, we estimate that the value of the cross-over Ekman number will be of order 10 −6 .
Discussion
The essential argument made here is that magnetostrophically balanced convection dynamics do not occur when the linear Elsasser number Λ o ∼ 1 as defined in (1.7), but rather when Λ ∼ 1 as defined in (4.2). We estimate that this Λ ∼ 1 transition is scale-dependent, and can be approximated to occur at the magnetostrophic cross-over flow scale X = Λ 2 o /Rm o . Thus, it is hypothesized that a magnetostrophically balanced convective state can exist only on scales below X ( figure 9 ). Because the system-scale value of Λ is typically less than unity in planetary dynamo models (table 1), our analysis implies that their large-scale convective flows must be in quasigeostrophic balance [28, 34, 56] . Estimates suggest that X < 1 for planets as well (table 2) . Thus, large-scale quasi-geostrophic convective flows are hypothesized to exist in planetary core settings as well [26] .
(a) Dynamo model implications
We hypothesize that local magnetostrophic convection dynamics can only exist in nonlinear dynamo systems on flow sclales below the magnetostrophic cross-over scale, U X . If this local magnetostrophic convection follows the linear predictions (figure 6), then we argue that the magnetostrophic convection scale will tend to increase, reaching up to a saturation value that lies in the vicinity of X . If U were to increase further still beyond X , equation (4.7) implies that magnetostrophic conditions would no longer exist. Thus, if the saturation scales significantly exceeds X , these flows will be quasi-geostrophic in nature, with magnetostrophic effects arising only at higher orders [26, 66] . If the saturation scale were to significantly exceed X [56] , this would occur to due processes that are not likely to be magnetostrophic in nature, such as via a low Rossby number, high Reynolds number inverse hydrodynamic cascade (e.g. [67] ). It is reasonable that X could provide a magnetostrophic saturation scale in dynamo simulations (e.g. [20, 28, 34, 56, 63] , cf. [68] ). However, the value of X is probably not constant in these models. Because magnetic field strengths vary both spatially and temporally within dynamo generating regions, it is likely that the value of the cross-over scale will also vary with the local magnetic field intensity. This may explain, for example, the radially varying characteristic length scales found in figure 2 of Yadav et al. [27] .
In rapidly rotating spheres and spherical shells, we put forward a more detailed prediction. In spherical systems, Λ o = 0 rotating convection onsets with an E 1/3 D azimuthal scale [38, 48] . Thus, the azimuthal wavenumber scales as m ∼ E −1/3 . The axial length scale is system scale. The cylindrical scale is large as well, owing to the presence of broad spiral structures [48] or cylindrically radial sheets that can cross a significant portion of the fluid shell [69] . We hypothesize that it is only the azimuthal length scales that will tend to increase in scale to X in spherical dynamo systems. Thus, the azimuthal wavenumber will approach m ∼ π/ X in regions of the fluid with Λ 1, as appears to be the case in the equatorial slices shown in Yadav et al.'s [34] figure 2 and in Aubert et al.'s [28] figure 5 . It should be possible to test this hypothesis using spherical dynamo simulation results by making a scatter plot of the local azimuthal wavenumber m versus the local magnetic field intensity B(x). Thus, from (4.6), we predict that the m ∼ E −1/3 rotating convection scaling trend will hold in regions where Λ 1 and will transition to a local Elsasser number based scaling such that
in magnetostrophic regions where Λ 1. We further argue that the magnetostrophic decrease in wavenumber (m ∝ B(x) −4 ) will create a feedback, driving the local value of Λ towards unity where the process will saturate. Our cross-over scaling estimates lead us to argue that X 1 globally magnetostrophic dynamos are not likely to be accurate proxies for low X dynamo systems. Following Calkins et al. [26] , we argue that the dynamical balance in Λ ∼ 1, X < 1 regions will be locally magnetostrophic, but that the over-arching diagnostic force balance is still likely to remain geostrophic in nature. Evidence for this scenario exists in the study of Aubert et al. [28] . There they have generated a suite of Λ o ∼ 20, Rm o ∼ 10 3 spherical dynamo solutions using relatively low Pm, low E large-eddy simulations. In basic agreement with our X scaling estimates, spectral force plots (their figure 2) demonstrate that the solutions attain a zeroth-order, quasi-geostrophic diagnostic balance across scales, with first-order, magnetostrophic dynamical balance arising on smaller scales 0.1. However, the cross-over scale's quadratic depence on Λ o cannot be neglected in (4.7). For example, the X ∼ 1 global magnetostrophic regime appears to have been reached in the spherical dynamo modelling study of Dormy [63] . Based on the results given in table 1 in [63] , the 'strong field' cases have Λ o exceeding 10 whilst Rm o 100, such that X 1 and Λ 1. Because the crossover scale appears to exceed the system scale in these Pm ∼ 10 models, the convective flows may be in global (system-scale) magnetostrophic balance. Impressively, these models are found to display classically-predicted magnetostrophic dynamo behaviours, such as subcritical dynamo bifurcations [18] .
(b) Planetary applications
Estimates of X are given in table 2 for all the dynamo-bearing planetary bodies in the solar system. Similar to our estimates for Earth, the planetary magnetostrophic cross-over scales all lie below the scales that are presently accessible to external observation [64, 70] convection will be largely unaffected by magnetic forces. If this length scale ratio is greater than unity, we predict that magnetostrophic effects can occur at that scale. On Mercury, Ganymede, Uranus and Neptune, both length scale ratios are far less than one, implying that quasi-geostrophic convection exists in these bodies' cores from the system-scale all the way down the linear onset scale of rotating convection [26] . On Earth and Saturn, X / onset 1 and X / turb ∼ 1, which suggests that magnetostrophic effects will exist at the smallest convection scales and may occur up to, but not far beyond, the Ro 1/2 turbulent scale. Finally, both length scale ratios are well above unity on Jupiter. Thus, magnetostrophic convection processes are expected to significantly alter the hydrodynamic convection scales there and may produce externally observable magnetostrophic signatures.
(c) Open questions and summary
Two fundamental simplifying assumptions have been made in developing our model for the magnetostrophic cross-over scale, which leave open paths to modify the cross-over scale for more complex systems. First, we have assumed in (4.4) that the magnetic induction processes are in quasi-static balance. This assumption is made based on the results of many present day, quasilaminar (usually Pm ∼ 1) dynamo models. In these models, the flows are nearly quasi-steady with local scale Reynolds numbers and magnetic Reynolds numbers close to unity. Thus, we argue that the local-scale induction will be well-described, at first order, by a quasi-static approximation [20, 28, 63] . However, it is not clear that quasi-steady induction accurately describes high Rm induction occurring on large scales in planetary settings where time variations may help balance the induction term [71, 72] . Furthermore, as higher Reynolds number, lower Pm dynamo models are carried out, we expect that time varying inductive balances may become essential to include in cross-over scale models (cf. [56, 68, 73, 74] ).
Second, it is assumed, primarily for simplicity, that the velocity and magnetic magnitude estimates are scale invariant quantities each with well-defined variational scales. In fully turbulent magnetohydrodynamic settings, though, the velocity and magnetic fields are expected to be spectrally varying quantities [75, 76] . If the magnetic and velocity fields have power law variations, then they can be expressed as The value of the Elsasser number in (5.3) can strongly depend on the values of the exponents, α and β, that describe the respective velocity and magnetic field spectra. Detailed predictions of α and β values are difficult to make with possible estimates easily ranging from α = 5 to 5 3 (e.g. figure 3b in [77] ). However, what we can predict based on (5.3) is that qualitatively differing Λ( ) behaviours should arise in the various regimes of multi-scale core flow, each likely having unique α and β values (e.g. figure 8 in [24] ).
In sum, the results of our scaling arguments inspire great optimism for the future of planetary dynamo modelling. Many core dynamicists have surmised that because geodynamo models generate leading-order quasi-geostrophic flows, rather than magnetostrophic convective flows, they cannot be faithfully modelling core physics. In contrast, this work argues that Λ o ∼ 1 core convection should be quasi-geostrophically balanced on large scales X , which are the only scales presently resolvable by geomagnetic field observations and by many numerical simulations of planetary dynamo action (figure 8b). At small scales below X , on the other hand, core dynamics may be well represented by rotating convection occurring in the presence of a strong magnetic field, not dissimilar from the conditions assumed by linear theory. Small-scale core flow may then be adequately modelled by turbulent rotating magnetoconvection studies [33, 78] . Thus, in upcoming model generations, we must accurately incorporate the behaviour of the small-scale, magnetostrophic convective turbulence within a model of large-scale, quasi-geostrophic flow [26] , which may then be compared reasonably with core flow inversions from geomagnetic secular variation observations [79] .
